Abstract A numerical method based on an NM-set of general, hybrid of block-pulse function and Taylor series (HBT), is proposed to approximate the solution of nonlinear Volterra-Fredholm integral equations. The properties of HBT are first presented. Also, the operational matrix of integration together with Newton-Cotes nodes are utilized to reduce the computation of nonlinear Volterra-Fredholm integral equations into some algebraic equations. In addition, convergence analysis and numerical examples that illustrate the pertinent features of the method are presented.
Introduction
The nonlinear Volterra-Fredholm integral equations arise from various physical and biological models. The essential features of these models are of wide applicable [19] . In recent years, many different basic functions have used to estimate the solution of nonlinear Volterra-Fredholm integral equations, such as orthonormal bases and wavelets [2, 5, 12, 15, 16, 19, 20] . HBT approach for solving linear Fredholm integral equations has been presented by Maleknejad and Mahmoudi [13] and then this has been extended by Marzban and Razzaghi to multi-delay systems [14] . In this study, the basic ideas of the previous works are developed and applied to the nonlinear Volterra-Fredholm integral equations: 
where k 1 and k 2 are constant, x(t) 2 L 2 (I), k 1 (t, s) and k 2 (t, s) 2 L 2 (I · I) are assumed and F 1 (y(s)) and F 2 (y(s)) are given continuous functions which are nonlinear with respect to y(t), and y(t) is an unknown function. We assume that Eq.
(1) has a unique solution y(t) to be determined [2] [3] [4] 6, 7] . First, we review the HBT and their properties. In Section 3, we apply these set of HBT for approximating the solution of nonlinear Volterra-Fredholm integral equations. Using the properties of HBT together with collocation method, we reduce the nonlinear Volterra-Fredholm integral equations to a system of nonlinear equations. These equation can be solved using Newton's iterative method. In Section 4, we will discuss a convergence analysis for nonlinear Volterra-Fredholm integral equations. In Section 5, we illustrate some numerical examples to show the efficiency and accuracy of method.
Brief review of HBT

Definition
Consider the Taylor polynomials T m (t) = t m ; m = 0, 1, 2, . . . on the interval [0, 1]. A set of block-pulse functions ; i (t); i = 1, 2, . . ., m and the set of functions h ij (t); i = 1, 2, . . . , N, j = 0,1, 2, . . . , (M À 1) that produces by HBT on I are defined as follows respectively:
where i and j are the order of block-pulse functions and Taylor polynomials, respectively [13] . 
Function approximation
A function f(t) 2i; j ¼ 0; 1; 2; . . . ; NM À 1; r ¼ i À i N ! N; m ¼ j À j N ! N:
The operational matrix of integration
The integration of the H(t) defined in Eq. (8) can be approximated by
HðsÞds % PHðtÞ; ð11Þ
where P is an NM · NM operational matrix for integration and is given by
and E is the operational matrix of integration for Taylor polynomials on the interval
which is given in [11, 18] by
The product operational matrix
It is always necessary to evaluate the product of H(t) and H T (t), which is called the product matrix of HBT. Let
where w(t) is NM · NM matrix. By multiplying the matrix w(t) in vector F that defined in Eq. (7), we obtain
where e F is NM · NM matrix and called the coefficient matrix. Such that
For further information see [13] .
The integration of the cross product
The integration of the cross product of two HBT vectors call be obtained as
For the HBT, D has the following form:
where D i is defined as follows:
where
Nonlinear Volterra-Fredholm integral equations
Consider the nonlinear Volterra-Fredholm integral equations given in Eq. (1). We let
Then, we get 
and F 1 (y(t)) and (1) by using HBT converges if 
Nodes t
Method in [16] with k = 16
Method in [8] with m = 8, n = 16
Approximate HBT for with M = 3, N = 6
Error HBT for with M = 3, N = 6 
ÞÞe HBT ðtÞ 6 0;
Numerical examples
The method of this study is useful in finding the solutions of nonlinear Volterra-Fredholm integral equations in terms of HBT. The computations associated with the examples were performed using MATLAB on personal computer. Example 1. Consider the following nonlinear Volterra-Fredholm integral equation [8, 12, 16] :
which has the exact solution y(t) = t 2 À 2. Table 1 Example 2. Consider the following nonlinear Volterra integral equation [12] :
which has the exact solution y(t) = e
Àt
. Table 2 shows the approximate solution by present method for N = 6, M = 3 and the two other methods. The numerical results by HBT for N = 4,M = 3 and N = 6, M = 3 and exact solutions are shown Fig. 2 .
Example 3. Consider the following nonlinear Fredholm integral equation [10] :
which has the exact solution y(t) = e À3t . Table 3 shows the approximate solution by present method for N = 6, M = 3 and the two other methods. The numerical results by HBT for N = 4,M = 3 and N = 6, M = 3 and exact solutions are shown Fig. 3 .
Conclusion
Nonlinear Volterra-Fredholm integral equations are usually to solve analytically. In many cases, it is required to obtain the approximate solutions. For this purpose, the presented method can be proposed. The aim of present work is to Nodes t Method in [9] With m = 32
Method in [1, 12] with m = 32
Error HBT for with M = 3, N = 6 t = 0.0 1.000000 Nodes t Method in [9] With m = 32
Error HBT for with M = 3, N = 6 t = 0.0 1.000000 
